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Item 1. 

Use of a t r anscenden ta l  approximation i n  t r a n s i e n t  conduct ion 
wi th  a non- l inear  boundary condi t ion .  

Combined t r a n s i e n t  conduction and m d i a t i o n .  

Combined t r a n s i e n t  conduction and r a d i a t i o n :  l u n a r  s u r f a c e  
c racks .  

T rans i en t  conduction i n  a pass ive  probe,  used t o  measure 
adap t ive  response of human s k i n  h e a t  t r a n s f e r  under suddcn 
change of s u r f a c e  temperature .  

Approximation of repea ted  i n t e g r a l s  of t h e  error f u n c t i o n .  

Use of a t r anscenden ta l  amrox ima t ion  i n  t r a n s i e n t  conduction 

wi th  a non- l inear  - boundary cond i t ion  

A r e p o r t ,  "Use of a t r anscenden ta l  approximation i n  t r a n s i e n t  
conduct ion a n a l y s i s "  by P. D. Richardson and K .  X .  Smith was submit ted t o  
NASA i n  1965, and an anended ve r s ion  (wi th  p rev ious  typograph ica l  errors 
c o r r e c t e d )  was t r z n s m i t t e d  t o  NASA i n  1967. New r e s u l t s  were obta ined  f o r  ' 

boundary cond i t ion  a t  t h e  surface, us ing  a v a r i a t i o n a l  method and a two- 
parameter  t r a n s c e n d e n t a l  approximation func t ion .  
(where t h e  boundary cond i t ion  was l i n e a r )  t h e  agreement between t h e  approxi-  
mate, v a r i a t i o n a l  s o l u t i o n  and the  exact s o l u t i o n  was very  gocd: 

problems involv ing  t r a n s i e n t  conduction i n  a s lab  wi th  a non- l inear  1 
I n  l i m i t i n g  c a s e s  

f o r  
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cons tan t  surface hea t  f l u x ,  f o r  example, t h e  s o l u t i o n s  d i f f e r e d  by about  
0.2 p e r  cent.  

Item 2. Combined t r a n s i e n t  conduction and r a d i a t i o n  

A r e p o r t  "Transient  r a d i a t i o n  and conduct ion i n  a s l o t t e d  s l a b  
and a hollow cyl inder"  by P. D. Richardson and Y . 4 .  Shwn, was submit ted 
t o  NASA Headquarters i n  June ,  1967. In  t h i s  r e p o r t ,  temperature  d i s t r i -  
bu t ions  i n  a pa ra l l e l -wa l l ed  channel (a typical s lo t  i n  a s l o t t e d  s l a b )  and 
i n  a hollow c y l i n d e r  are considered. Each end of t h e  channel  o r  c y l i n d e r  
faces an environment of uniform b u t d t e r a b l e  temperature .  
faces are assumed, and f o r  most s o l u t i o n s  p re sen ted  t h e  r a d i a n t  hea t  f l u x  
is l i n e a r i z e d  with r e s p e c t  t o  temperature.  
t a i n e d  for  cases where t h e  walls are t h i n ,  and where they  are ( t h e m a l l y )  
t h i c k .  
faces is  coupled i n t o  t h e  problem. 
For t h e  hollow c y l i n d e r ,  p re sc r ibed  h e a t  gene ra t ion  along t h e  wall is  also 
t r e a t e d .  
u se fu l .  Gene ra l i za t ion  t o  non-black s u r f a c e s  is d iscussed .  

Black w a l l  su r -  

T rans i en t  s o l u t i o n s  are ob- 

I n  t h e  l a t te r  case, t r a n s i e n t  conduct ion normal t o  t h e  wall sur- 
Examples of supe rpos i t i on  are g iven .  

The concept of t h e  r a d i a t i o n  mean e f f e c t i v e  p a t h  is found t o  be 

Item 3 ,  Combined t r a n s i e n t  conduction and r a d i a t i o n :  l u n a r  s u r f a c e  c racks  

When t r a n s i e n t ,  two-dimensional conduct ion i s  cons idered ,  it is  
c l e a r l y  more d i f f i c u l t  t o  f i n d  a n a l y t i c a l  approximations which can be used 
wi th  a v a r i a t i o n a l  p r i n c i p l e  as has been done f o r  t r a n s i e n t ,  one-dimensional 
conduction. 
adds  t o  t h e  r e s t r i c t i o n s  i n  t h e  two-dimensional case. 
va r i a t iona l -numer i ca l  methods are a t t r a c t i v e .  
s t r a t e d  v a r i a t i o n a l  p r i n c i p l e s  for l i n e a r  i n i t i a l  va lue  problems, and Wilson 
f N i c k e l l  C23 used t h i s  t o  cons t ruc t  a scheme f o r  approximate,  numerical  
s o l u t i o n  by t h e  method of  f i n i t e  elements.  
t empera ture  d i s t r i b u t i o n  a t  any s p e c i f i c  t i m e  (which can be imagined as 
a s u r f a c e  i n  (T, x, y )  space)  i s  approximated by a s u r f a c e  made up o f  
p l ane  t r i a n g u l a r  segments which have a b u t t i n g  edges.  The temperature  
d i s t r i b u t i o n  is determined by values  a t  t h e  nodal  p o i n t s ,  between which 
l i nea r  i n t e r p o l a t i o n  can be used. A t t r a c t i o n s  of t h i s  method over  o t h e r  
numerical  schemes inc lude  freedom of  choice  o f  t h e  elements ,  t h e  a b i l i t y  
t o  apply  boundary cond i t ions  a t  any p o i n t  w i th in  t h e  system, l a c k  o f  
r e s t r i c t i o n  with r e s p e c t  t o  geometry and material p rope r ty  d i s t r i b u t i o n ,  
and l a c k  of  r e s t r i c t i o n  on space and time i n t e r v a l s  used i n  ob ta in ing  t h e  
s o l u t i o n - - e i t h e r  o r  both can be changed dur ing  t h e  s o l u t i o n  of a problem. 

-- 

The need f o r  f a i r l y  s imple i n t e g r a t i o n  cf t h e  approximation 
I n  t h e s e  circumstances, 

Recent ly  Gur t in  Cll demon- 

I n  t h i s  approximation, t h e  

[l] M .  E. Gur t in  "Yari .ationa1 p r i n c i p l e s  f o r  l i n e a r  i n i t i a l - v a l u e  problems" 
Quart. Appl. Math., vol .  1 2 ,  p .  252 (1964) 

c21 E. L. Wilson & R. E .  Nicke l l  "Applicat ion of  t h e  f i n i t e  element t o  
h e a t  conduction ana lys i s "  Proc. F i f t h  U.S. Natl. Congr. Appl. Mech. 
p .  841 (1966) 
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Severa l  problems have been cons idered ,  us ing  t h i s  method. The 
first t h r e e  cases involve problems f o r  which some s o l u t i o n  is a l r e a d y  
a v a i l a b l e ;  t h e s e  cases served t o  check t h e  use  of  t h e  method and t o  v e r i f y  
i ts  advantages.  
o r b i t a l  surveying of t h e  l u n a r  su r face .  

The f o u r t h  problem is an o r i g i n a l  one,  wi th  a p p l i c a t i o n  t o  

The f irst  problem considered w a s  t h a t  of a s e m i - i n f i n i t e  s o l i d ,  
i n i t i a l l y  a t  Ti s o u r c e l e s s ,  black environment. 
Abarbanel C31, who converted t h e  problem i n t o  a s i n g u l a r ,  non- l inear  
Vol te r ra - type  i n t e g r a l  equat ion ,  and so lved  t h e  l a t t e r  by numerical  
quadra ture .  The agreement was e x c e l l e n t .  

throughout ,  r a d i a t i n g  from i ts  exposed s u r f a c e  t o  a 
The r e s u l t s  were compared wi th  t h o s e  of 

The second case considered was an ex tens ion  of  a previous  
a n a l y s i s  under t h i s  g r a n t :  
s o l i d  wi th  pa ra l l e l -wa l l ed  c a v i t i e s .  
what be fo re  by Winter [ 41  us ing  an o rd ina ry  f i n i t e  d i f f e r e n c e  scheme. 
Even when a r a t h e r  l a r g e  element s i z e  was used, t h e  agreement between t h e  
two s o l u t i o n s  was good. One of t h e  r e s u l t s  which Winter demonstrated was 
t h a t  s u r f a c e s  with cracks i n  it would g i v e  anomalous apparent  r a d i a t i o n  
tempera ture  reading  i n  instruments  used t o  view t h e  s u r f a c e  from d i f f e r e n t  
a n g l e s ,  t h e  ins t ruments  i n t e g r a t i n g  over  an  area l a r g e  compared wi th  a 
t y p i c a l  c rack  a p e r t u r e .  

t r a n s i e n t  r a d i a t i v e  coo l ing  of a s e m i - i n f i n i t e  
Th i s  problem had been examined some- 

The t h i r d  case, t r e a t e d  by t h i s  method, was t h e  problem of t h e  
s u r f a c e  temperature of an ideal ized.moon.  
i s  uniformly smooth, black and has c e r t a i n  va lues  for  its thermal  p r o p e r t i e s .  
A r eg ion  on t h e  l u n a r  equator  was cons idered ,  and was t r e a t e d  as a semi- 
i n f i n i t e  s l a b  wi th  t h e  appropr i a t e  boundary cond i t ion  f o r  i ts exposed face: 

I t  was assumed t h a t  t h e  s u r f a c e  

k aT  = CJ T 4 - A. sin[$)t ( l u n a r  

day 1 for  0 - -  < t c ~ / 2  

( l u n a r  aT 4 k - = a T  ax 
n i g h t  1 for ~ 1 2  < t < T _ -  

The deep-temperature of t h e  moon must be chosen c a r e f u l l y  i n  o r d e r  t o  reduce 
t h e  number of l u n a t i o n s  which have t o  be computed t o  achieve  a s t eady  
p e r i o d i c  s o l u t i o n .  
a b l e  i n  t h e  l i t e r a t u r e .  

The computed r e s u l t s  ag ree  very w e l l  wi th  t h o s e  a v a i l -  

[3] S. S. Abarbanel "On some problems i n  r a d i a t i v e  hea t  t r a n s f e r " ,  MIT 
OSR TN-59-531 (Apr i l  1959) 

[4] D. F. Winter "Transient  r a d i a t i v e  cool ing  of a s e m i - i n f i n i t e  s o l i d  with 
pa ra l l e l -wa l l ed  c a v i t i e s " ,  I n t .  J1. Heat Mass Trans. vo l .  9 ,  p. 527 
(1966) 
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. 
The f o u r t h  problem considered is  a combination of t h e  two 

previous  problems. 
of being uniformly smooth it has  deep c racks  i n  it. 
i d e a l i z e d  as s e m i - i n f i n i t e  slots. Unlike t h e  s lo t s  t r e a t e d  p rev ious ly ,  
however, t h e  oppos i t e  s i d e s  of t he  s l o t  are no t  a t  t h e  same tempera ture ,  
and af ter  s u n r i s e  t h e  s o l a r  r a d i a t i o n  is  i n c i d e n t  upon only  face of t h e  
i n s i d e  of t h e  s l o t ,  t h e  depth of p e n e t r a t i o n  of solar r a d i a t i o n  i n t o  t h e  
s lo t  inc reas ing  as t h e  sun approaches l o c a l  noontime, and so on. Th i s  
set  of cond i t ions  g i v e s  r ise t o  a tempera ture  d i f f e r e n c e  between t h e  t o p  
edges of t h e  s lo t  of  about 10 pe r  c e n t  of t h e  average temperature  dur ing  
t h e  l u n a r  morning and a f t e rnoon ;  near noontime t h e  tempera tures  become 
equal momentarily as t h e  solar r a d i a t i o n  becomes d i r e c t l y  i n c i d e n t  upon 
t h e  second s l o t  wall. 

The l u n a r  surface is  considered aga in ,  bu t  i n s t e a d  
These c racks  are 

Pre l iminary  c a l c u l a t i o n s  have been c a r r i e d  out  us ing  a r e l a t i v e l y  
coa r se  element s i z e ,  and it is now d e s i r e d  t o  perform c a l c u l a t i o n s  of 
much-improved accuracy by using a smaller element s i z e .  

A p r a c t i c a l  a p p l i c a t i o n  of  t h e s e  s t u d i e s  is de termina t ion  of 
t h e  effect of l u n a r  surface cracks on t h e  apparent  r a d i a t i o n  temperature  
(magnitude and phase)  as would be observed from a n  o r b i t i n g  l u n a r  su r -  
veying veh ic l e .  
of t h e  r e s u l t s  w i l l  be given a t  a l a t e r  d a t e .  

A d e t a i l e d  account of t h e s e  c a l c u l a t i o n s  and a d i scuss ion  

Item 4. T rans i en t  conduction i n  a Dassive Drobe. used t o  measure adav t ive  

response of human s k i n  h e a t  t r a n s f e r  under sudden channe of 

s u r f a c e  temperature  

Real conduction problems are good sources  of examples f o r  t e s t i n g  
techniques .  Measurements made i n  a p a s s i v e ,  s o l i d  probe used t o  examine 
t h e  response of l i m i t e d  areas of human s k i n  t o  sudden change of environ-  
mental  temperature  provide d a t a  of t h i s  s o r t .  D i f f e ren t  methods oi s o l u t i o n  
were compared f o r  t h i s ,  and some r e s u l t s  a re  g iven  i n  "The Response of Human 
Skin t o  Locai ized Heat Sources" by P. D .  Richardson and J .  H.  Whitelaw, 
7 t h  I n t e r n a t i o n a l  Conference on Medical and B io log ica l  Engineering (1967).  

I t e m  5. Approximation of  repeated i n t e g r a l s  of t h e  e r r o r  func t ion  

A no te  desc r ib ing  a method o f  approximating repea ted  i n t e g r a l s  
o f t h e  error f u n c t i o n  was included wi th  t h e  semi-annual s t a t u s  r e p o r t  
f o r  A p r i l  - October,  1966. 
by hand o r  d i g i t a l  computer, 

This  method i s  very  convenient  f o r  c a l c u l a t i o n  
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